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Introduction

As the JMU analysis progressed toward getting Σ0/Λ ratios...
We looked at the next logical analysis steps
Realized that we might have an incomplete grasp of what these steps entail.
As we dug a little deeper, we convinced ourselves that, OK, we do “get” the
workflow (kinda!)
However, in the process, (think that) we uncovered some potential “issues”
that might affect the analysis and would like to share these with you
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Information Sources

We’ve looked (in no particular order) at:
G.H: Summary of L/T/LT/TT-separation... (Aug, 2022)
H.B. it et al: PRC 78 (2008)
hcana, simc code
PhD theses: R. Mohring (1999), J. Volmer (2000), T. Horn (2006);
V.Klimenko (2024) - Hall B! others...
several statistics/data analysis books & papers (geared for our field):

F. James: “Statistical Methods In Experimental Physics (2nd ed)”
G. Cowan: “Statistical Data Analysis”
L. Lista: “Statistical Methods for Data Analysis: With Applications in Particle
Physics (Lecture Notes in Physics)”
L. Lyons: “Statistics for nuclear and particle physicists”
W.J.Metzger: “Statistical Methods in Data Analysis”
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Here is a brief list w/ the topics that might require
attention

Due to time constraints, we will not be able to cover all today...
origin and evolution of the “Monte Carlo ratio” (mcr) method.
𝑓 (𝑥) vs 𝑓 (𝑥) (among other things) (I)
bin migration. do we monitor/account for/care? (II)
the pitfalls of bin–by–bin correction factors (III)
(check the) handling statistical uncertainties (IV)
recommended/proper way of handling of systematic uncertainties
(bootstrapping?) (V)

is the final result a cross–section or a comparison w/ a/some model(s)? (VI)
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I:

afaikt...
the crux of the mcr method* is this equation:

𝜎𝑒𝑥𝑝 (𝑊̄, 𝑄2, 𝑡, 𝜙; 𝜃, 𝜖) =
< 𝑌𝑒𝑥𝑝 >

< 𝑌𝑠𝑖𝑚 >
𝜎𝑀𝐶 (𝑊̄, 𝑄2, 𝑡, 𝜙; 𝜃, 𝜖) (1)

not 100% sure, but it seems this first appeared in JV’s thesis (see next page):
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J. Volmer PhD thesis (2000), page 81:

??
...seems to be in
“response”/follow–up
from Rick’s thesis
(see next page)
contrast between
“imperfect” model vs
“model”
if the better model
exists, why not use it
for scaling?
any point?
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Rick Mohring’s PhD thesis (1999), page 140:

Notes:
highlights the need
for having a “scaling
function”
integrated over the
bin and compared w/
its value at the
“scaling point”
also (page 141) Rick
attempts a genuine
cross-section
extraction (see next
page)
better*
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Rick Mohring’s PhD thesis, page 141:

Notes:
“acceptance” is
explicitly
stated/employed
eq. 4.9 and 4.10
NOTE: That
capability is partially
lost in present day
simc!
NOTE: (still) a
bin–by–bin
correction*
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Eq. 1...
...

Justification of eq. 1 is not entirely clear. (additional insight would be
welcomed here!)
Sure, if the cross–section implemented in simc IS the cross–section we get in
the real world AND we know this fact a priori, then eq. 1 is true everywhere.
...but then we do not need an experiment (as we know the true answer!).
eq. 1 looks a lot like a variant of Cauchy’s Mean Value Theorem (MVT).
see next page for a wiki snapshot!

NOTE: There is an even better way of framing this!
Hopefully we’ll get to it today!
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Mean Value Theorem

a couple of subtle but essential differences between MVT and mcr:
The yield is not the integral of (just) the 2–fold x-sect (one can, maybe, argue
it is the integral of the 5–fold)
The (e)MVT is an “existence” theorem! So eq. 1 is (∃), not (∀)!
It’s possible that the statement was OK for the era (precision, size of bins,...)
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Further eq. 1 studies

Looking at the present day analysis...
We evaluate the simc model cross-section at the mean 𝑄2, etc. values
We sought to gauge the “cost” of the approximation implied by eq. 1.
Used the “stock” cross–section from simc.
Unless we expect the model cross–section to be linear in all its variables
(which would be very unusual!) subsequent iterations will not alter these, as
they have more to do with the bin spans than the particularities of the model.
We used 10 GeV kaon data (results shown are for Λ simc; Σ0 available too).
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Further eq. 1 studies (II)

...
In 𝑡 the data was split in five bins, spanning the 5–95% coverage range. Into
similar (as in “close to equal”) statistics.
for each of these bins the average value was obtained for 𝑄2, 𝑊 , 𝑡, 𝑠𝑖𝑔𝑐𝑚
Note: All of these are “expectation values” with respect to the Weight kernel
(which presumably contains the cross–section, all its prefactors, RC effects,
etc.)
The 𝑠𝑖𝑔𝑐𝑚 was then evaluated at the avg. kin. and compared with the average
cross–section (in absolute as well as relative terms).

Here are some results of this study.
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Kinematic Setting 0 (we did all of them, just randomly
picking some):

Ioana & Gabriel Niculescu, James Madison University klt discussion



14/28

Kinematic Setting 3:
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Kinematic Setting 8:
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Kinematic Setting 16:
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(partial) 𝑠𝑖𝑔𝑐𝑚 study

Looking at avg. xsect vs xsect at avg. kin...
One incurs differences in the ± 2-3% for the 𝑡 bins of the same “diamond”.
Accounting for the sign differences, one can have (easily) a 5% across the 𝑡

distribution (w/ iterations, one can extend study in the 𝜙 direction as well).
Seemingly at random (therefore hard to correct for with an overall eq.) unless
specifically provided for via a “scaling function” (i.e. model).
It could be that 5% random swings do not make a difference for the L–T
separation or meson FF extraction
GN’s $0.02: Have a BC correction “at the ready” for direct use (preferably!)
or to check if things get out of control would.
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There is an even better way of framing...

The (proper!) way of looking at a particle/nuclear physics exp:
When carrying out a measurement (or a simulation thereof!), limitations of
the apparatus a/o known/understood physical effects (res, eff, RC, bkg...)
distort the “physics” of interest.
Essentially we have a convolution (see next page!) between the result we
want to obtain and the “detector response”.
IF one wants to remove these exp. effects to recover the original “physics”
(i.e. we want to quote a/some cross–section(s), polarization obs., etc. at a
number of kinematic points)...
this process is known as unfolding. Way harder than the former!!
NOTE1: Unfolding is not needed for current(!) theory comparisons.
NOTE2: However, for any subsequent comparisons, the whole machinery
used for convolution needs to be provided.
NOTE3: Otherwise results from exp. A cannot be compared w/ exp. B...
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There is an even better way of framing (II)...

Convolution:

𝑓 (𝑥) =
∫ 𝑏

𝑎

𝑔(𝑦)𝑟 (𝑥; 𝑦)𝑑𝑦 (2)

𝑓 (𝑥) - the measured distribution
𝑔(𝑦) - THE physics we want to extract/publish
𝑟 (𝑥; 𝑦) - the detector “response” (aka kernel)
NOTE: Eq. 2 is known as the Fredholm eq. of the first kind*.
Formally, we are dealing w/ the inverse of a diff. eq.: 𝐿 𝑓 (𝑥) = 𝑔(𝑥)
Notorious (according to many sources!) difficult to tackle!
Let’s see if mcr (iterated!) “solves” our little unfolding problem.
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Ex: 2 step functions + Gaussian kernel

Just 20 (or so) python lines, courtesy of Stackoverflow
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mcr & convolution/unfolding

Q: Does the Monte Carlo Ratio method solve the unfolding problem?
If YES: then we are good to go!
If NO: then we can try a few mcr iterations.

if iterations work: then we are good to go!
if iterations do NOT work: we are still good to go, but where? (Quo Vadis?)

we did this exercise w/ a couple of distributions that might be relevant for the
KaonLT analysis.
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Ex 3: Lorentzian + Gaussian kernel
𝑓 (𝑥) =

∫ 𝑏

𝑎
𝑔(𝑦)𝑟 (𝑥; 𝑦)𝑑𝑦

10 5 0 5 10
x

0.0

0.1

0.2

0.3
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0.5

0.6
Model: Lorentzian
Kernel: Kernel: Gauss (0.000,1.000,1.000)

Model (GT)
Conv. dist.

10 5 0 5 10
x

0

1000
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3000

4000

5000

N: 20000 n_bins: 14

Data
Parent (Conv...)
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x

0.0

0.1

0.2

0.3

0.4

0.5

0.6
GT
MCr1
MCr2

10 5 0 5 10
0.80

0.85

0.90

0.95

1.00

1.05

1.10
mean:  0.980 std:  0.081

MCr ratios wrt Ground Truth:

Steps:
1 Get model, kernel, Conv.
2 Use conv. dist. to generate N

“data” ev. ditto 4 MC (10x).
3 Bin. Get data & MC yields.

NOTE: data & MC use
SAME model!

4 Get 𝑥𝑖 & 𝑔(𝑥𝑖).
5 Plot mcr result & 𝑔(𝑥)
6 Compare.

No problem at the 5% lvl
Beyond that, however...
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Ex 4: 2 Gauss + Gaussian kernel
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x
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Model: 2_Gauss
Kernel: Kernel: Gauss (0.000,1.000,1.000)

Model (GT)
Conv. dist.
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x

0
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N: 20000 n_bins: 20
Data
Parent (Conv...)
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x
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1.5

2.0
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GT
MCr1
MCr2

10 5 0 5 10

0.6

0.8

1.0

1.2
mean:  1.003 std:  0.161

MCr ratios wrt Ground Truth:

...
∼5% lvl? OK
Beyond that, however...
...and we occasionally (in the
tails) get large outliers.
NOTE: this functional form
not really relevant for
KaonLT analysis.
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Ex 5: Exponential + Gaussian kernel

0.0 0.5 1.0 1.5 2.0 2.5 3.0
x

0.0

0.2

0.4

0.6

0.8

Model: Exponential
Kernel: Kernel: Gauss (0.000,1.000,1.000)

Model (GT)
Conv. dist.

0.0 0.5 1.0 1.5 2.0 2.5 3.0
x
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2000
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3000

N: 20000 n_bins: 14
Data
Parent (Conv...)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
x
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0.4

0.6

0.8

GT
MCr1
MCr2

0.0 0.5 1.0 1.5 2.0 2.5 3.0

0.92

0.94

0.96

0.98

1.00

1.02

1.04

1.06
mean:  1.000 std:  0.031

MCr ratios wrt Ground Truth:

...
this is not unlike the
t-dependence...
Again, no problem at the
5% level or so
If we want to go beyond
that, however...
(from the audience): But
𝑡 fitting is the last step of
the analysis. There is 𝜙
fitting first...
You are, of course, right.

So, let’s look at some 𝜙 distributions!
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phi distribution + Gaussian kernel

3 2 1 0 1 2 3
x

0.6

0.8

1.0

1.2

Model: phi_dep
Kernel: Kernel: Gauss (0.000,1.000,0.140)

Model (GT)
Conv. dist.

3 2 1 0 1 2 3
x

0

100

200

300

400
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600
N: 4000 n_bins: 10

Data
Parent (Conv...)

3 2 1 0 1 2 3
x

0.7

0.8

0.9

1.0

1.1

1.2

1.3

1.4
GT
MCr1
MCr2

3 2 1 0 1 2 3

0.90

0.95

1.00

1.05

mean:  0.997 std:  0.067
MCr ratios wrt Ground Truth:

...
realistic 𝜎 # of bins
plausible statistics
±8-10 excursions from
unity

Steps
use the mcr result points
to fit our functional form
𝑓 (𝑥) =
𝑎(1+𝑏 cos(𝑥)+𝑐 cos(2𝑥))
get 𝑎, 𝑏, and 𝑐

use the new values to
evaluate the MC side of
mcr
repeat...

Therefore, according to the mcr method, one needs iterations! Let’s do some*.
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phi distribution mcr method iterations
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Dotted lines: Ground Truth!
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Notes:
the top panel IS NOT the stopping
condition for the iterative loop
(maybe it ought to be?)
statistics are pretty high! (too high?)
two of the three parameters drift
monotonously. third one dances
around as well.
the model was already at its GT
values on iteration 1!!!
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phi distribution mcr method iterations (II)
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Notes:
the situation does not improve when
we drop to “realistic” (“optimistic” if
Σ0 is your goal!) statistics.
parameters go further and further
from the ground truth...
even though the result is
self–consistent
see difference between
precision & accuracy
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Quo Vadis?

We touched on one (I) of the assumptions/techniques
essential to klt analysis

I do not have a conclusion.
Just an encouragement: try this for yourselves! (simple–enough in 1D)
Perhaps there is a bug in our code.
...as well as in ALL the published, non–thesis resources cited (or similar).

Thank you!
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